The generalized Soulé character was introduced by H. Nakamura and Z. Wojtkowiak which is a generalization of Soulé's cyclotomic character. In this paper, we prove that certain linear sums of generalized Soulé characters essentially coincide with the image of generalized Beilinson elements in Kgroups under Soulé's higher regulator maps. This result generalizes Huber-Wildeshaus' theorem, which is a cyclotomic field case of our results, to an arbitrary number fields.
Introduction
Let N be a positive integer and let ζ be an N th root of unity. For each positive integer m, A. A. Beilinson constructed an element c m (ζ) ∈ K 2m−1 (Q(µ N )) ⊗ Z Q called Beilinson's cyclotomic element characterized by the equality reg H m (c m (ζ)) = (R m (Li m (σ(ζ))) σ . Here, reg H m is the Beilinson regulator map (1) reg H m : K 2m−1 (Q(µ N )) → σ : Q(µN ) →C R(m − 1), R m (z) is defined to be (z+(−1) m−1z )/2 for each z ∈ C, and Li m (z) = ∞ n=1 z n /n m is the mth classical polylogarithm function. Since Li m (σ(ζ)) is a linear sum of partial zeta values over Q(µ N ), the Beilinson element c m (ζ) can be regarded as a zeta element in the K-group.
For each prime number , an -adic analogue of c m (ζ) was constructed by C. Soulé in [25] by twisting cyclotomic units which are also considered as zeta elements. We fix a system {ζ n } n≥1 of -powers roots of unity and regard it as a basis of the Galois module Z (1). Soulé defined a continuous group homomorphism χ ζ m : Gal(Q/Q(µ N ∞ )) → Z (m) called the Soulé character by the equations (2) χ ζ m (σ) mod n = 1≤a≤ n , a
(1 − ζ a n ) a m−1 1 n (σ−1) ⊗ ζ
for all positive integers n. A modificationχ ζ m of χ ζ m is defined by a similar equation to (2) but a runs over every integer such that 1 ≤ a ≤ n . If N is prime to , then there exists a simple relation χ ζ m =χ ζ m − mχζ 1/p m between these two homomorphisms. The homomorphism χ ζ m can extend to a continuous 1-cocycle on the absolute Galois group G Q(µN ) := Gal(Q/Q(µ N )) of Q(µ N ) and denote by [χ ζ m ] its cohomology class in H 1 (Q(µ N ), Q (m)). Let reg -ét m be the -adic higher regulator map ( [25] ): (3) reg -ét m : K 2m−1 (Q(µ N )) → H 1 (Q(µ N ), Q (m)). The main result of [18] relates these two zeta elements by the regulator. Theorem 1.1 (Beilinson, Deligne, Huber, Wildeshaus, Kings [18] , [16] ). For each prime number , the image of c m (ζ) multiplied by −(m − 1)! under reg -ét m coincides with the class ofχ ζ m : −(m − 1)!reg -ét m (c m (ζ)) = [χ ζ m ]. This theorem plays an important role in the proof of Bloch-Kato's Tamagawa number conjecture for Dirichlet motives ( [17] ). The purpose of this paper is to generalize Theorem 1.1 to a general number field K.
Let Z[K \ {0, 1}] be the free abelian group generated by the symbols {z} for z ∈ K \ {0, 1} and suppose that m is greater than 1. For each positive integer k, the symbol L cl k denotes the kth single-valued classical polylogarithm (see (14) for the precise definition). We call an element n i=1 a i {z i } ∈ Z[K \ {0, 1}] satisfies the mth Bloch condition if we have two equalities
for any group homomorphism φ : K × → Q, for any σ : K → C, and for any positive integer k such that 2 ≤ k ≤ m − 1. Denote by A H m (K) the subgroup of Z[K \ {0, 1}] satisfying the mth Bloch condition. Note that, by definition, {ζ} is an element of A H m (K) for any root of unity ζ of K. In [6] , R. de Jeu constructed an element c m (ξ) ∈ K 2m−1 (K) ⊗ Z Q for each ξ ∈ A H m (K) characterized by reg H m (c m (ξ)) = (L cl m (σ(ξ))) σ . Note that Beilinson and Deligne also gave a conditional construction of the elements c m (ξ) in [1] independently. In this paper, we call c m (ξ) a generalized Beilinson element. Note that, since L cl m (ζ) = R m (Li m (ζ)) for any root of unity ζ ∈ C \ {1}, we have c m ({ζ}) = c m (ζ).
On the other side, in the paper [20] , H. Nakamura and Z. Wojtkowiak defined a continuous group homomorphism We will prove that if ξ is an element of A H m (K), thenχ ξ m can extend to a continuous 1-cocycle on G K (Corollary 4.15, Corollary 6.5) and denote by the same notation this 1-cocycle by abuse of notation. The main theorem of this paper is as follows:
Main Theorem 1.2. Let m be a positive integer greater than 1. Let K be a number field and let ξ be an element of A H m (K). Then, for each prime number , we have the equality −(m − 1)!reg -ét m (c m (ξ)) = [χ ξ m ].
Our approach follows essentially the path laid out by Beilinson and Deligne. The proof of the main theorem is based on analysis of moduli of torsors under fundamental groups and one of the key ingredients is the motivic fundamental groupoid of P 1 \ {0, 1, ∞} whose existence is proved by Deligne-Goncharov [5] . When K = Q(µ N ), it seems that our proof of Main Theorem is a simplification of the original proof of Theorem 1.1 by Huber and Wildeshaus.
Conjecturally, {c m (ξ)} ξ∈A H m (K) spans K 2m−1 (K) ⊗ Z Q for any number field K and positive integer m greater than 1 ([29, §8, Main Conjecture]). Although this conjecture proved only the case that K is an abelian extension of Q, which is a key of [17] , the author hopes that Main Theorem will be useful for studying the motive Z(m) over an arbitrary number field.
1.1. Plan. The plan of the present paper is as follows. In Section 2, we recall a concept of abstract modified polylogarithm attached to a series of abstract unipotent Albanese maps in a mixed Tate category. In the following three sections, we see examples of abstract modified polylogarithms. In Section 3, we define the Hodge modified polylogarithms and give a comparison of that polylogarithms with the classical modified polylogarithms (cf. Proposition 3.10). In Section 4, we define the -adicétale modified polylogarithms. We also compare the -adicétale modified polylogarithms with Wojtkowiak's -adic polylogarithms and generalized Soulé characters. Then, we define the motivic modified polylogarithms in Section 5. In Section 6, we compare these three modified polylogarithms introduced in the previous sections and give a proof of Main Theorem. In Appendix A, we give proofs of technical lemmas which are needed to describe classifying spaces of torsors under algebraic groups in a mixed Tate category.
1.2.
Notation. For a field F , we fix its separable closure F and denote by G F the absolute Galois group Gal(F /F ) of F . For any topological group A equipped with a continuous action of G F , we denote by H 1 (F, A) the continuous first Galois cohomology. For a set S, let Z[S] be the free abelian group generated by symbols {s}, s ∈ S.
Let k be a field of characteristic 0 and let V be a finite dimensional k-vector space equipped with an algebraic action of the multiplicative group G m,k . Then, we define V (−2n) to be the subspace of V on which G m,k acts via the nth power of the standard character std := id Gm,k : G m,k → G m,k . For each abstract group G, we denote by G k the unipotent completion of G over k in the sense of [12, Appendix A] . Let R be a k-algebra and let X be a k-scheme. We denote by X R or by X ⊗ k R the base change of X to Spec(R). For a scheme X, the symbol O(X) denotes the ring of regular functions on X. We denote by P 1 01∞ the scheme
We mean a left action by an action unless otherwise noted. Let G be a group and let A be a set equipped with an action of G. Then for each g ∈ G and a ∈ A, we denote by g a the action of g on a. For an object X of a category, the symbol [X] denotes the isomorphism class of X.
Abstract modified polylogarithms in mixed Tate categories
In this section, we recall abstract modified polylogarithms in a mixed Tate category introduced in [22, Section 2]. This notion was referred as abstract polylogarithm in that previous work. 
where GrVec k is the category of finite dimensional graded k-vector spaces. Let π 1 (M, ω) be the Tannakian fundamental group of M with the base point ω.
Since ω factors through GrVec k , there exists a natural splitting of M where coLie(M) (2n) is the subspace of coLie(M) on which G m,k acts by the (−n)th power of the standard character std := id Gm,k . We denote by
the Lie cobracket of coLie(M). The following lemma is well-known. 
Here, we regard Ext 1 M (k(0), k(n)) as a k-vector space equipped with the trivial action of G m,k .
We introduce two conditions for affine group schemes in M in the sense of Deligne (cf. [4, Section 5.4] ).
Definition 2.2. Let G = Sp(A) be an affine group scheme in M. We say that G satisfies (Pos) (resp. (Triv)) if A satisfies the following condition: We say that an affine group scheme G = Sp(A) in M is an algebraic group in M if the k-algebra ω(A) is finitely generated. The canonical fiber functor ω induces a functor from the category of algebraic groups in M to the category of algebraic groups over k equipped with an algebraic action of π 1 (M, ω). We use the same letter ω for that functor by abuse of notation. The following proposition is a direct consequence of Corollary A.6. Here, the existence of such an object follows from the Tannakian duality. According to Proposition 2.3, the correspondence G → Lie(G) induces an equivalence between the category of algebraic groups in M satisfying (Pos) and the category of nilpotent Lie algebra objects in M with negative weights. For the rest of this subsection, we fix an algebraic group G in M satisfying (Pos) and (Triv). We denote by H 1 (M, G) the set of isomorphism classes of right G-torsors in M. Recall that the pointed set H 1 (M, G) is canonically isomorphic to the first rational cohomology H 1 (π 1 (M, ω), ω(G)) (cf. [22, Appendix A6.2]). We recall another description of this pointed set: Here, p M m := k(1) ⊕ m n=1 k(n) is a Lie algebra object in M such that the abelian Lie algebra k(1) acts on the abelian Lie algebra ⊕ m n=1 k(n) by k(1) ⊗ k(n) ∼ − → k(n + 1) for n < m and annihilates k(m). We understand P M 0 as exp(k(1)). It is easily checked that the algebraic group P M m in M satisfies two conditions (Pos) and (Triv). By using Proposition 2.4, we define a natural map r m which is needed to linearize abstract unipotent Albanese maps. Proof. We define the map (7) rm : ). Let X be a right torsor under P M m and let c : π 1 (M, ω) → P M m be any rational 1-cocycle representing X. Then, by the construction of r m and Lemma 2.7, we have (9) r m ([X]) = gr W −2n (c) under the isomorphism (8) . Now, we recall the concept of series of abstract unipotent Albanese maps. For the rest of this section, we fix a field F which will be specified as a number field K in Section 5 and Section 6. (1) A series of abstract unipotent Albanese maps Alb = {Alb n } n≥0 is an inverse system of maps Alb n : P 1 01∞ (F ) = F \ {0, 1} → H 1 (M, P M n ) with respect to n satisfying the following two conditions: (Hom) Alb 0 extends to an injective group homomorphism from F × /F × tor to H 1 (M, k(1)).
(2) Let m be a positive integer. We define the mth abstract modified polylogarithm
attached to Alb to be the linearization of the composite
Abstract modified polylogarithms satisfy the following differential formula.
. For each positive integer m, we have the following differential formula:
The above proposition leads us to define Bloch groups attached to Alb. (
(2) We put
and define the group homomorphism δ m :
01∞ (F )] to be the kernel of δ m .
and call this abelian group the mth Bloch group attached to Alb. Then, L m (Alb) induces a well-defined injective group homomorphism
Proof. For readers' convenience, we recall the proof of the second assertion of the proposition briefly. The proof is executed by induction on m. If m = 1, there is nothing to prove because coLie(M) (2) 
Thus, we show the case where m > 1. By Proposition 2.9 and Lemma 2.1, we have the following commutative diagram with exact rows:
Hence the dotted arrow in the diagram exists and we have the conclusion. 
Hodge modified polylogarithms
In the following three sections, we give examples of abstract modified polylogarithms. The first example is the Hodge modified polylogarithm L 
is a zero map for sufficiently large n. The mixed Hodge-Tate structure H corresponding to V • is defined as follows:
-The underlying R-vector space of H is defined by
Here we take the complex conjugateḡ of g with respect to the R-structure
This implies that the fundamental Lie algebra of H R is isomorphic to the nilpotent completion of the free Lie algebra over R with the set of generators
Example 3.1. Let m be a positive integer and let b ∈ R. We consider the graded vector space
This implies that the image f
3.2.
Definition of Hodge modified polylogarithms. We fix a positive integer m in this subsection. Let π top 1 (P 1 01∞ (C), − → 01) Q be the unipotent completion of the topological fundamental group of P 1 01∞ (C) = C \ {0, 1} with the base point − → 01 over Q. Then, by the theory of iterated integrals due to Chen, π top 1 (P 1 01∞ (C), − → 01) Q has a natural structure of a group scheme in H Q . It is well-known that P H m is a quotient of
. We denote by Alb HQ the series of Hodge unipotent Albanese maps {Alb HQ m } ∞ m=1 . We define Alb HR m to be the composite of Alb HQ m with the natural map
is a direct sum of the Hodge realizations of Kummer torsors K(z) and K(1 − z) (cf. [4, Proposition 14.2, Proposition 16.26] ). Since the Hodge realization of K(z) is represented by log(z) ∈ C/Q(1) = Ext 1 HQ (Q(0), Q(1)), the series Alb H of Hodge unipotent Albanese maps the condition of Definition 2.8 (1) . Note that, however, {Alb HR m } ∞ m=0 is not a series of abstract unipotent Albanese maps. Indeed, this maps does not satisfies the condition (Hom) because the map
respectively. Then, we define B 
Note that L HR m coincides with the composite of homomorphisms
3.3.
Classifying spaces of torsors in H R . To calculate L HR m , we study explicit descriptions of classifying spaces of torsors in H R . We fix an algebraic group G = Sp(A) in H R satisfying the condition (Pos) (cf. Definition 2.2). By definition, A is a finitely generated Hopf algebra object in Ind(H R ) satisfying the condition W 0 A = R. In particular, all the Hodge weights of A are non-negative and
Proof. This proposition is a direct consequence of Corollary A.2 and Lemma A.5.
Let X = Sp(B) be a right G-torsor in H R . We say that x ∈ X(C) is a Hodge trivialization of X if the morphism of schemes 
. Remark that F 0 (X C )(C) coincides with the set of Hodge trivializations of X. Furthermore, F 0 (X C ) has a natural structure of a right F 0 (G C )-torsor in the usual sense.
Lemma 3.6. Let X be a right G-torsor in H R . Then, there exists a unique Hodge trivialization of X.
Proof. Since F 0 (G C ) is the trivial group scheme by the condition (Pos), we have F 0 (X C ) ∼ = Spec(C). Therefore, the set of Hodge trivializations F 0 (X C )(C) is singleton.
Proposition 3.7. There exists a natural isomorphism of pointed sets
Proof. Let us take g ∈ G(C). Then, we define the right G-torsor G g as follows:
-The underlying affine R-scheme of G g is defined to be G equipped with the right action of G defined by right translations. -The weight filtration on O(G g ) is the same as that of O(G).
-The Hodge filtration on O(G g ) ⊗ R C is defined by
According to Lemma 3.5, g is the identity map on each graded piece gr W 2n O(G) ⊗ R C. Hence, O(G g ) is an algebra object in Ind(H R ) and G g is actually a right Gtorsor in H R . We put Ψ(g) := [G g ]. One can check that G g ∼ = G g if and only if gG(R) = g G(R). Hence, Ψ induces an injective map G(C)/G(R) → H 1 (H R , G).
We show the surjectivity of Ψ. Let X be a G-torsor in H R . According to Lemma 3.6, there exists a unique Hodge trivialization p H ∈ X(C) of X. We take p w ∈ X(R) an R-valued point of X. Then, p w trivializes the weight filtration of X, that is, the G-equivariant morphism f pw : G → X; g → p w g preserves their weight filtrations on the rings of regular functions of both-hand sides by Corollary A.3. Let g be an element of G(C) satisfying p w = p H g. Then f pw defines an isomorphism of G-torsors between G g and X. Hence we have Ψ(gG(R)) = [X] and this completes the proof of the surjectivity of Ψ.
We denote by
the group automorphism induced by the complex conjugate c on C. Then, the natural map
is bijective. By composing the logarithmic map from G(C) to the Lie algebra of G C , we obtain the canonical isomorphism of pointed sets
Remark that c * acts on Lie(G) ⊗ R C by id ⊗ c. Now, we assume that G satisfies (Triv). By composing Φ −1 in Proposition 2.4 and Ψ in (11) , we obtain an isomorphism
of pointed sets. Then, the composite of canonical isomorphisms
Proof. According to Lemma A.7, the Lie homomorphism
is injective for sufficiently large N . Let us denote by φ N the composite of Ψ • Φ −1 and ι N . Then, to prove this proposition, it is sufficient to show the equality
Let f be an element of Hom Gm,R R-Lie (Lie(H R ), ω(Lie(G))) and let a f : π 1 (H R , ω) → GL(ω(A)); σ → exp(f )(σ) be the action of π 1 (H R , ω) on ω(A) defined by f . Here, exp(f ) : π 1 (H R , ω) → ω(G) is the group homomorphism corresponding to f . According to Lemma 3.5, a f preserves ω(W 2N A). We denote by W 2N A f the mixed Hodge-Tate structure on τ (2π √ −1)ω(W 2N A) = W 2N A defined by the action a f (see (10)). Then, by definition,
Then, by (10), we have
We remark that the left-hand side of the equation (13) coincides with 1 2 φ N (f ). Indeed, we may take h as g 
Then, the following assertions hold:
(1) The evaluation map ev m is the left inverse of the canonical inclusion
commutes, where pr m is the projection to the last component
Proof. Let b be a real number. Recall that the element f
. Then, by the calculation in Example 3.1, we have equalities
Thus the assertion (1) Proof. Let z be an element of P 1 01∞ (C). According to [8, (2.20) ], the image of z under
is calculated as
. Here, Li − n : P 1 (C) → C is a single-valued and real analytic polylogarithm (see [8, Theorem 2.27] ). By the Baker-Campbell-Hausdorff formula, we have the equality
Then the last component of the right-hand side of (17) coincides with the right-hand side of the equation (15) by [8, (2.21) ].
Proof of Proposition 3.10. Let z be an element of P 1 01∞ (C). Then, by Lemma 3.11 and Corollary 3.9 (2), we have the equalities: This completes the proof of Proposition 3.10.
-adicétale modified polylogarithms
In this section, we fix a rational prime and a field F of characteristic p ≥ 0 satisfying the following conditions: (cyc) The characteristic p of F does not divide and the -adic cyclotomic character on G F has an infinite image in Z × . (nd) There exists no non-torsion -divisible element in F × .
Example 4.1. If F is finitely generated over the prime field k p of characteristic p , then F satisfies (cyc) and (nd) .
We fix a coherent system ζ ∞ := (ζ n ) n≥1 of -power roots of unity in F and regard ζ ∞ as a Z -basis of Z (1) = lim ← −n µ n (F ) where µ n := Spec(Z[t]/(t n − 1)).
By the condition (cyc) , two G F -modules Q (m) and Q (m ) are not isomorphic for any two distinct integers m and m . We denote by Rep Q (G F ) the category of continuous representations of G F on finite dimensional Q -vector spaces. An -adic mixed Tate G F -module is an object V in Rep Q (G F ) equipped with an increasing, saturated, and separated filtration {W 2n V } n∈Z indexed by even integers such that gr W 2n V is a direct sum of Q (−n) as a G F -module (cf. [11, Section 6, Section 7]). We denote by MT (F ) the category of -adic mixed Tate G F -modules. Then MT (F ) is a mixed Tate category over Q . The second example of an abstract modified polylogarithm is the -adicétale modified polylogarithm. We apply our abstract formalism to MT (F ).
4.1.
Classifying spaces of torsors in MT (F ). In this subsection, we make remarks on classifying spaces of torsors in MT (F ).
Then f preserves the weight filtration of both-hand sides. In other words, f defines a morphism in MT (F ).
Proof. This is easily checked by the definition of the weight filtration and by an inductive argument on the length of the weight filtration.
Let us fix an algebraic group G = Spec(R) in MT (F ) satisfying (Pos). Then, according to Corollary A.6 in Appendix, the underlying algebraic group G is automatically unipotent. Recall that G(Q ) has a natural topology on which G F acts continuously (cf. [24, Section 3.2]). Note that this natural topology coincides with the relative topology induced by any closed immersion G → GL n,Q , where the topology on GL n (Q ) → Q n 2 is induced by the product topology of Q . Here, the left-hand side is the first continuous Galois cohomology with coefficients in G(Q ).
Proof. First, we note that the underlying scheme of each G-torsor is isomorphic to the affine space over Q because the underlying group scheme of G is unipotent. Especially, the set of Q -rational points of any G-torsor is non-empty.
For each continuous 1-cocycle c : 
(cf. [24, Proposition 3.15] ). Therefore, to prove the lemma, it is sufficient to show that the natural map
induced by the forgetful functor
is bijective. The injectivity of (19) follows from Lemma 4.3 directly. Hence, to show this lemma, it is sufficient to show the surjectivity of the map (19) . We put W 2n R c := W 2n R. Then, according to Lemma A.5 and (18), the action of G F on R c preserves the filtration {W 2n R c } n∈Z and coincides with the original action of G F on each graded piece gr W 2n R c of R c . Therefore, the pair (R c , W 2n R c ) is an object in Ind(MT (F )) and this implies that (19) is surjective. Lemma 4.4 can be rewritten as follows. Let ω 0 : MT (F ) → Vec Q be the forgetful functor. We fix an isomorphism of fiber functors of MT (F )
We also denote by Γ the isomorphism
for simplicity. Since π 1 (MT (F ), ω 0 ) is canonically isomorphic to the weighted completion of G F with respect to the -adic cyclotomic character χ :
in the sense of [12, Section 4] , there exists a canonical continuous homomorphism
Therefore, by composing the isomorphism Γ, we obtain a continuous homomorphism
The functor Γ also induces an isomorphism α : G which make the following diagram to be commutative:
As an elementary consequence of the lemma, we have the following corollary. 
Proof. Let A(Q (m)) := Sp(Sym • Q (−m)) be the vector group scheme in MT (F ) defined by Q (m). Then, by a standard argument, Ext 1 MT (F ) (Q (0), Q (m)) is canonically isomorphic to H 1 (MT (F ), A(Q (m))). Since m is positive, the group scheme A(Q (m)) satisfies (Pos). Hence, we have the conclusion of the corollary by Lemma 4.4.
In later sections, we always identify Ext 1 MT (F ) (Q (0), Q (m)) with H 1 (F, Q (m)) for each positive integer m.
4.2.
Definition of -adicétale modified polylogarithms. In this and the next subsections, we fix a positive integer m. Definition 4.6. We define the -adicétale polylogarithmic quotient P -ét m , which is an algebraic group in MT (F ), to be P
We recall another description of -adicétale polylogarithmic quotient (cf. [ where {π pol,(n) } ∞ n=1 is the central descending series of π pol . Then, P -ét m is canonically isomorphic to the unipotent completion π pol (m) Q of π pol (m) over Q .
By the above remark, the algebraic groups P -ét m ∼ = π pol (m) Q are quotients of the unipotent completion πé t 1 (P 
By the condition (nd) (see the beginning of Section 4 for the definition of (nd) ), Alb -ét F is a series of abstract unipotent Albanese maps (cf. [22, (3.1)]). Thus, we can define the -adicétale modified polylogarithms as follows. 
. In [22] , we used the notation " -adic" instead of " -ét". By Proposition 2.11, L -ét m induces a well-defined and injective group homomorphism
Remark 4.9. By construction, the mth -adicétale unipotent Albanese map Alb -ét F,m is functorial in F . Hence L -ét m is also functorial in F .
4.3.
Comparison with -adic polylogarithms. In this subsection, we compare L -ét m with the Wojtkowiak -adic polylogarithms. For readers' convenience, we give a quick review of the -adic polylogarithm i m (z, γ) attached to a Q -path γ from − → 01 to z in P 1 01∞,F . Recall that a Q -path in P 1 01∞,F is defined as an element of π 1 (P 1 01∞,F ; Proof. The cohomology class of c γ in H 1 (F, P -ét m (Q )) represents the torsor under P -ét m (Q ) in Rep Q (G F ) defined as the pushforward of π 1 (P 1 01∞,F ; − → 01, z) Q (Q ) by pr m . Therefore, the conclusion follows from the definition of the -adicétale unipotent Albanese map.
Recall that the weight filtration W −2n G F on G F is the filtration induced by the weight filtration on U (MT (F )) (cf. [12, Section 7.4] ). According to [12, Proposition 7.1, Lemma 7.5], we have canonical isomorphisms (26) gr
Proposition 4.11. Let γ be a Q -path from − → 01 to z in P 1 01∞,F . The composite of homomorphisms
coincides with the restriction of (−1) m−1 i m (z, γ) to W −2m G F . In particular, that restriction does not depend on the choice of γ.
Proof. Let c γ : G F → P m (Q ) be the continuous 1-cocycle defined by γ (cf. Lemma 4.10). Then, there exists a unique rational 1-cocycle c γ : π 1 (MT (F ), ω) → ω(P -ét m ) which make the following diagram to be commutative:
is an isomorphism of algebraic groups over Q induced by the fixed Q -basis ζ ∞ of Q (1). Then, by Lemma 4.10 and the equation (9), we have
. Therefore, we have the following commutative diagram:
On the other hand, by the definition of the -adic polylogarithms, we have the equality (29) c γ (σ) = (−1) m−1 i m (z, γ)(σ)ζ ⊗m ∞ for all σ ∈ W −2m G F . Hence we have the conclusion of the proposition.
Lemma 4.12. The restriction map
is injective for any positive integer m.
Proof. By the Hochschild-Serre spectral sequence, it is sufficient to show the vanishing of the continuous group cohomology Z (m) ). By using the Hochschild-Serre spectral sequence again, we have an exact sequence Z (m) ). Since m is non-zero, the first term of (30) vanishes. On the other hand, G F acts on the graded quotient gr W −2n G F via the nth power of the -adic cyclotomic character by the definition of the weight filtration of G F . Hence there exists no non-trivial
. Thus the last term of (30) also vanishes and we have the conclusion of the lemma. (F, Q (m) ) is represented by a linear sum
with a i ∈ Q, z i ∈ F , and γ i :
Proof. We first show the "if" part. Suppose that ξ ∈ A -ét m (F ). The existence of good paths γ i follows by repeating exactly the same argument of the proof of [7, Theorem 2.3] by replacing the conjectural vector space L k in that paper by (Z[P 1 01∞ (F )]/R -ét k (F )) ⊗ Z Q. Indeed, the latter vector space satisfies all the conditions that L k is expected to satisfy except the realization homomorphism 
4.4.
Comparison with generalized Soulé character. In this subsection, we compare modified -adicétale polylogarithms with generalized Soulé characters. Here, we suppose that F is a subfield of C. Let γ be an -adic path from − → 01 to z ∈ P 1 01,∞ (F ). Recall that the generalized Soulé character χ z,γ m : G F → Z (m) is defined by the equations
n in Z/ n Z(m) for all n, where z 1/ n is the n th root of z defined by γ. If we restrict σ to G F (µ ∞ ,z 1/ ∞ ) , then the equation (31) coincides with the equation (5) in Introduction. Similarly, we define the continuous map κ z,γ : G F → Z (1) by the equations (32) κ z,γ (σ) mod n = σ(z 1/ n )z −1/ n in Z/ n Z(1) for all n. We call κ z,γ the Kummer cahracter attached to γ. The key formula of our comparison is Nakamura-Wojtkowiak's formula of -adic polylogarithms. 
In particular, on G K(µ ∞ ,z 1/ ∞ ) , we have is injective. This injectivity is a direct consequence of Lemma 4.12 because G L contains W 2 G F .
Motivic modified polylogarithms
The final example of an abstract modified polylogarithm is the motivic modified polylogarithm. Now, we fix a number field K for the rest of the present paper. We denote K n (K) ⊗ Z Q by K n (K) Q where K n (K) is the higher K-group of K. Let MT (K) be the category of mixed Tate motives over K (cf. [5, §1] ). For all integers n and m, there exist canonical isomorphisms (34)
Ext 2 MT (K) (Q(n), Q(m)) = 0. In particular, MT (K) is a mixed Tate category over Q. We always identify the left-hand sides of (34) and (35) with the right-hand sides of them by those canonical isomorphisms.
Definition 5.1. Let m be a non-negative integer. Then, we define P mot m , which is an algebraic group in MT (K), to be P
It is known that the motivic polylogarithmic quotient is a quotient of the motivic fundamental group π mot 1 (P 1 01∞,K , − → 01) which is an affine group scheme in MT (K) (cf. [5] 
The following lemma is a well-known fact. Alb mot K,0 :
is the natural map induced by the identity of K × \ {1}.
Definition 5.4. We define the mth motivic modified polylogarithm
to be L m (Alb mot K ).
We define R mot m (K), A mot m (K), and B mot m (K) by
respectively. Then, the motivic modified polylogarithm induces an injective and well-defined homomorphism
6. Proof of Main Theorem 6.1. Mixed realizations of motives. In this subsection, we recall mixed realizations of mixed Tate motives (cf. [4] , [13] , [14] , [15] , [5] and q σ H : D MR → D(M HS(Q)) for each rational prime and σ : k → C. Here, D(Spec(k)é t , Q ) and D(M HS(k)) are the derived category of smooth Q -sheaves on Spec(k)é t and mixed Hodge structures over Q, respectively. We also define q H σ R to be the composite of q H σ R and the natural functor D(M HS(Q)) → D(M HS(R)). In [14] and [15] , she also had constructed a functor between triangulated categories
called the mixed realization functor for any field k which can be embedded into C. Let σ : k → C be an embedding. We denote by R σ H (resp. R ) the composite of R MR and (37)
Let be a rational prime and let σ : K → C be a field embedding. By construction, we have R (Q(m)) = Q (m) and R σ H (Q(m)) = R(m) for each integer m. 
, r coincides with the -adic higher regulator defined in [25] . In particular, r is injective whose image is a Q-lattice of H 1 (K, Q (m)). 
is injective whose image is a Q-lattice of the right-hand side. 
We denote by R σ H, * : coLie(MT (K)) → coLie(H R ) and by R , * : coLie(MT (K)) → coLie(MT (K)) the canonical coLie homomorphisms induced by R σ H and R , respectively. Remark that the restrictions of R σ H, * and R , * to K 2m−1 (K) Q ⊂ coLie(MT (K)) (2m) coincide with r σ H and r , respectively. Proposition 6.4. Let K be a number field and let m be a positive integer. Let be a rational prime and let σ be an embedding K → C. Then, the following diagram commutes:
Proof. The commutativity of the diagram is a direct consequence of Theorem 6.3 and constructions of modified polylogarithms. Corollary 6.5. Let K be a number field and let be a rational prime. Then, for each positive integer m greater than 1, we have equalities
Proof. Let • be one of the symbols H, -ét, and mot. Since R • m (K) ⊂ A • m (K) and A • m (K) is mapped to the first extension group by L • m , it is sufficient to show the injectivity of the restrictions of R , * and ⊕ σ R σ H, * to K 2m−1 (K) Q . Theorem 6.1 and Theorem 6.2 guarantee those restrictions to be injective.
Proof of Main Theorem. According to Proposition 3.10, Proposition 6.4, and Theorem 6.2, we have the equality In this appendix, we show useful lemmas for describing classifying spaces of torsors under algebraic groups in a mixed Tate category. Now, we fix a field k and denote by IFVec k the category of finite dimensional k-vector spaces equipped with increasing, saturated, and separated filtrations. Denote by (V, W • V ) an object of IFVec k and we usually denote this object by V for simplicity. Though this category is not an abelian category, we can consider group schemes in IFVec k as we did. In this appendix, we fix an algebraic group G = Sp(R) in IFVec k satisfying the condition (Pos) (cf. Definition 2.2), namely, R is a finitely generated Hopf algebra object in Ind(IFVec k ) satisfying W 0 R = k.
Lemma A.1. Let V 1 , V 2 , and V 3 be objects in Ind(IFVec k ) and let f :
be a morphism in Ind(IFVec k ). For each i = 1, 2, 3, suppose that W n V i = 0 for all negative integers n. Then, for any k-linear homomorphism g : V 3 → k, the composite of k-linear homomorphisms
is a morphism in Ind(IFVec k ).
Proof. To prove the lemma, it is sufficient to show that (id V2 ⊗ g) • f preserves the filtrations of both-hand sides. Since W n V i vanish for all negative integers n, f sends W n V 1 to j,l≥0, j+l=n W j V 2 ⊗ k W l V 3 . Therefore, (id V2 ⊗ g) • f sends W n V 1 to j,l≥0, j+l=n W j V 2 . Since W • V i is an increasing filtration, we have j,l≥0, j+l=n W j V 2 = W n V 2 . This completes the proof of the lemma.
The following corollaries are direct consequences of Lemma A.1.
Corollary A.2. Let g be a k-rational point of the underlying algebraic group of G. Let g : R → R be the k-algebra automorphism induced by the left multiplication by g. Then the restriction of g to W i R is an automorphism of W i R for each integer i.
Corollary A.3. Let X = Sp(R ) be an affine scheme in IFVec k equipped with a right action of G. Suppose that W n R = 0 for all negative integer n. Then, for each x ∈ X(k), the k-algebra homomorphism x : R → R induced by G → X; g → xg is a morphism in Ind(IFVec k ) Example A.4. If W i R = 0 for some negative integer, then there exists a counter example of Corollary A.2. Let G be the additive group G a,k = Spec(k[t −1 ]). Let us define the weight of t −1 to be −1. Then the weight filtration W • k[t −1 ] is written as
By definition, G is an algebraic group in GrVec k . For each g ∈ k = G(k), we have
Therefore, if g is not 0, then g (W i k[t −1 ]) is not contained in W i k[t −1 ] for each negative integer i.
Lemma A.5. Let G = Sp(R) be an algebraic group in IFVec k satisfying (Pos). Let g be a k-rational point of G. Then the automorphism on gr W i R induced by g is the identity map.
Proof. We denote by e * : R → k the counit of R. Since e * is compatible with filtrations of both-hand sides, Ker(e * ) is an object in Ind(IFVec k ) such that W 0 (Ker(e * )) = 0. Let cm R be the comultiplication of R and let x be an element of W i R \ W 0 R. We write
W j Ker(e * ) ⊗ k W l R such that {b u } u are linearly independent over k. Remark that cm R (x) = 1 ⊗ x because x ∈ k = W 0 R. Since cm R (x) − 1 ⊗ x is contained in the kernel of e * ⊗ 1, all a u are contained in the kernel of e * . This implies that all b u are contained in W i−1 R. Hence, we have g (x) − x = i g(a i )b i ∈ W i−1 R and this implies that the induced k-linear homomorphism by g on gr W 2n R is the identity map. Corollary A.6. Let G = Sp(R) be an algebraic group in IFVec k satisfying (Pos). Then, the underlying algebraic group of G is unipotent.
Proof. According to Lemma A.5, W i R is an algebraic representation of the underlying k-algebraic group G. Since R = ∪ i W i R and G is of finite type, W N R is a faithful representation of G for sufficiently large N . Moreover, W 0 R ⊂ W 1 R ⊂ · · · ⊂ W N R is a flag of this representation and G acts on all the graded quotients gr W i R trivially. Hence, G is unipotent.
The following lemma follows from the proof of Corollary A.6 easily, so we omit the proof of this lemma. Furthermore, ι N is injective for sufficiently large N .
